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Performance Analysis of Least Squares of
Continuous-Time Model Based on

Sampling Data
Xinghua Zhu , Die Gan, and Zhixin Liu

Abstract—In this letter, we consider the parameter
estimation problem of continuous-time linear stochastic
regression models described by stochastic differential
equations using the sampling data. An online least squares
(LS) algorithm is proposed by minimizing the accumula-
tive prediction error at discrete sampling time instants. By
employing both the stochastic Lyapunov function and mar-
tingale estimate methods, we establish the convergence
analysis of the proposed algorithm under conditions of
the excitation of the sampling data and the sampling time
interval. We also provide the upper bound of the accumula-
tive regret for the adaptive predictor. A simulation example
is given to verify our theoretical results.

Index Terms—Continuous-time linear stochastic regres-
sion models, sampling data, parameter identification,
convergence.

I. INTRODUCTION

PARAMETER estimation or filtering is an important issue
in areas of identification, adaptive control, and statistical

learning, which enjoys practical applications in many engineer-
ing systems such as radar system [1] and power system [2].
A large number of works arise on the design and theoretical
analysis of estimation and filtering algorithms, see [3]–[11]
for some references.

In the past half century, considerable progresses have been
made for the parameter estimation problem of discrete-time
models. For time-invariant parameters, Moore Considered the
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well-known least squares in [3], and established the conver-
gence analysis under the persistent excitation (PE) condition.
Furthermore, the PE condition was generalized to the weak-
est possible excitation condition in [4]. There were also some
investigations on other algorithms such as the stochastic gra-
dient algorithm, the weighted LS algorithm, the maximum
likelihood algorithm and Bayes methods [5], [11]. For time-
varying parameters, the stability and performance analysis of
some algorithms like the least mean square (LMS) algorithm,
the forgetting factor least squares and the Kalman filter were
established in [6]–[8], [12].

We note that dynamic systems in physics and engineering
are naturally described by (stochastic) differential equations
according to physical laws (cf., [13], [14]). There were some
results for estimation algorithms of continuous-time systems
based on the continuous-time data (cf., [9], [10], [15], [16]).
For example, [15] considered the extended least squares of
continuous-time estimation problems without noise or distur-
bance; The convergence of the continuous-time least squares
algorithm was investigated in [16]. See [17], [18] for more
information about other estimation algorithms for continuous-
time systems.

However, with applications of the communication and
computer technology, we can only measure the digital or
discrete-time data, which inspires the research of the param-
eter estimation problem of continuous-time models based on
sampling data. Some asymptotic analyses for the estimation
algorithms were obtained under assumptions on regression
vectors. For example, Yuan and Wang [19] designed an
adaptive neural network weight estimator, and analyzed the
convergence of the algorithm with uniformly bounded regres-
sors satisfying PE condition. Greblicki in [20] investigated the
convergence of the estimation algorithm using stationary sig-
nals. Ortega et al. in [21] presented a discrete-time gradient
descent algorithm, and they established the convergence of
the algorithm under the PE condition. The above estimation
algorithms are designed based on the discretized model where
the approximation errors are not taken into consideration in
the convergence analysis. Observing this fact, Hu and Welsh
in [22] studied the LS algorithm and the convergence analysis
was established under the PE condition of regressors. How to
relax the PE condition is an unresolved issue.
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In this letter, we estimate the problem of a continuous-time
linear stochastic regression model based on the sampling data.
The LS algorithm is proposed by minimizing the accumula-
tive sampling prediction error. By employing the stochastic
Lyapunov function and martingale estimate methods, we estab-
lish the upper bound of the estimation error which is caused
by system noise and the approximation error of the sam-
pling time interval. The consistency result of the algorithm
is obtained under conditions of the flexible sampling time
interval and non-persistent excitation of regression signals.
Finally, we discuss the upper bound of accumulative regret
of the adaptive predictor without any excitation condition on
regressors. We remark that our results are obtained with-
out relying on assumptions of independency or stationarity
of regression signals, which makes our results applicable to
feedback systems.

The rest of this letter is organized as follows. Section II
gives the problem formulation. The asymptotic results of the
proposed algorithm are provided in Section III. A simulation
example is given in Section IV and the concluding remarks
are made in Section V.

II. PROBLEM FORMULATION

A. Some Preliminaries

1) Matrix Theory: For an m × m-dimensional matrix A,
we use ‖A‖ to represent the Euclidean norm, i.e., ‖A‖ �=
(λmax{AAτ }) 1

2 , where λmax(·) denotes the largest eigenvalue
of the matrix, and τ denotes the transpose of the matrix.
Correspondingly, the smallest eigenvalue of the matrix is
denoted as λmin(·). The determinant of the matrix A is denoted
as det(A). For a matrix sequence {Ak, k ≥ 0} and a positive
scalar sequence {ak, k ≥ 0}, if there exists a positive constant
C, such that ‖Ak‖ ≤ Cak holds for all k ≥ 0, then we say
Ak = O(ak); and if limk→∞ ‖Ak‖

ak
= 0, then we say Ak = o(ak).

For matrices A, B, C and D are with suitable dimensions, we
have the following matrix inverse formula (cf., [9])

(A + BDC)−1 = A−1 − A−1B(C−1 + DA−1B)−1DA−1, (1)

provided that the relevant matrices are invertible.
2) Stochastic Processes: Let (�,F , P) be a probability

space, and {Ft, t ≥ 0} be a nondecreasing family of sub-
σ -algebras of F . A continuous, adapted, stochastic process
{Wt,Ft; t ≥ 0} is called a standard Wiener process if: (1)
W0 = 0 holds almost surely (a.s.); (2) {Wt,Ft; t ≥ 0} is an
independent incremental process, and for any 0 ≤ s < t < ∞,

the increment Wt − Ws is independent of Fs and obeys the
normal distribution with mean zero and variance t − s.

An adapted stochastic sequence {vk,Fk} is called a mar-
tingale difference sequence if E(vk+1|Fk) = 0, where E(·|·)
denotes the conditional expectation operator. For a martin-
gale difference sequence, we have the following martingale
estimation theorem.

Lemma 1 [10, Th. 2.8]: Suppose that {ak,Fk} is an adapted
process (ak can be a number or a matrix), and {vk,Fk} is
a martingale difference sequence (vk can be a number or a
matrix) satisfying supn E[‖vn+1‖β |Fn] < ∞ with β ∈ (0, 2].

Then for any η > 0, we have

n∑

k=0

akvk+1 = O
(

Qn(β) log
1
β
+η

(Qn(β) + e)
)

a.s.,

where Qn(β) is defined by Qn(β) = (
∑n

k=0 ‖ak‖β)
1
β .

B. Continuous-Time Stochastic Regression Model

Let us consider the continuous-time stochastic linear regres-
sion model described by the following stochastic differential
equation,

yt = Sθτφt + vt, t ≥ 0, (2)

where S is the integral operator (i.e., Sφt = ∫ t
0 φsds), yt is the

scalar observation at time t, θ is an unknown l-dimensional
parameter vector to be estimated, and φs is an l-dimensional
stochastic regressor, and the system noise vt is a standard
Wiener process. We can see that many models such as the
continuous-time ARX model and ARMAX model (cf., [23])
can be included by (2).

With the application of computer and communication tech-
nology in many practical scenarios, we can only receive
the discrete-time sampling data {ytk , φtk}∞k=0 rather than
continuous-time signals, where tk is the k-th sampling time
instant. In this letter, we aim at designing an algorithm to esti-
mate the unknown parameter vector θ by using the sampling
data, and providing the asymptotic results for the proposed
algorithm.

C. The LS Algorithm Based on Sampling Data

In order to construct the algorithm to estimate the unknown
parameter vector θ based on the sampling data, we introduce
the accumulative sampling prediction error

∑k
j=0(ytj+1 − ytj −

θτ δjφtj)
2, where δj = tj+1 − tj, and tj represents the j-th

sampling time instant. By minimizing it, we can obtain the
following LS algorithm to estimate θ at time tk,

θtk+1 =
( k∑

j=0

δ2
j φtjφ

τ
tj

)−1 k∑

j=0

δjφtj(ytj+1 − ytj) (3)

Denote

Ptk+1 =
( k∑

j=0

δ2
j φtjφ

τ
tj

)−1
. (4)

By the matrix inverse formula (1), we have

Ptk+1 = Ptk − δ2
k atk Ptkφtkφ

τ
tk Ptk , (5)

atk = 1

1 + δ2
k φτ

tk Ptkφtk

. (6)

Substituting (5) into (3) yields the following recursive least
squares algorithm,

θtk+1 = θtk + δkatk Ptkφtk

{
ytk+1 − ytk − φτ

tkθtkδk
}
. (7)
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III. ASYMPTOTIC RESULTS OF THE ALGORITHM

A. Convergence Analysis

In this section, we will investigate the asymptotic properties
of the proposed algorithm (5)-(7). Denote θ̃tk as the estimate
error at the time instant tk, i.e., θ̃tk = θ − θtk . Substituting (2)
into (7), we can obtain the following error equation,

θ̃tk+1 = θ − θtk+1

= θ − θtk − atkδkPtkφtk

{∫ tk+1

tk
φτ

s dsθ

− φτ
tkθtkδk + vtk+1 − vtk

}

= θ̃tk − atkδkPtkφtk

{
φτ

tk θ̃tkδk + �τ
tk+1

θ + v̄tk+1

}
, (8)

where v̄tk+1 = vtk+1 − vtk and

�tk+1 = ∫ tk+1
tk

φsds − φtkδk. (9)

By the fact that {vt,Ft} is a standard Wiener process, we have
the following properties:

(1) for k ≥ 0, v̄tk obeys a normal distribution with mean 0
and variance δk;

(2) {v̄tk+1 ,Ftk , k ≥ 0} is a martingale difference sequence,
and 0 < E[|v̄tk+1 |β |Ftk ] < ∞ holds a.s. for any constant β ≥ 2,
where Ftk = σ {φs, vs, s ≤ tk}.

In many existing results on the estimation of the unknown
parameter vector of continuous-time systems based on the
sampling data (cf., [19], [24]), continuous-time systems are
often discretized, and the approximation error �tk caused by
discretization is seldom considered. Different from these stud-
ies, we will consider the effect of the approximation error �tk
on the estimation performance of algorithm, see the following
proposition.

Proposition 1: For the dynamical system (2), the LS algo-
rithm (5)-(7) satisfies the following relationship,

θ̃ τ
tn+1

P−1
tn+1

θ̃tn+1 + (
1

2
+ o(1))

n∑

k=0

atkδ
2
k (φτ

tk θ̃tk)
2

= 4
n∑

k=0

(�τ
tk+1

θ)2 + O(log |P−1
tn+1

|) a.s.

Proof: By (8), we have

θ̃tk+1 = (I − atkδ
2
k Ptkφtkφ

τ
tk)θ̃tk − atkδkPtkφtk(�

τ
tk+1

θ + v̄tk+1).

(10)

Multiply both sides of (5) by P−1
tk , we have

Ptk+1 P−1
tk = I − atkδ

2
k Ptkφtkφ

τ
tk . (11)

Substituting (11) into (10), we can obtain that θ̃tk+1 =
Ptk+1 P−1

tk θ̃tk − atkδkPtkφtk(�
τ
tk+1

θ + v̄tk+1), which is equivalent
to the following equation,

P−1
tk+1

θ̃tk+1 = P−1
tk θ̃tk − atkδkP−1

tk+1
Ptkφtk(�

τ
tk+1

θ + v̄tk+1). (12)

Now, we consider the Lyapunov candidate function Wtk =
θ̃ τ

tk P−1
tk θ̃tk . From (8) and (12), we have

Wtk+1 = θ̃ τ
tk+1

P−1
tk+1

θ̃tk+1

= [
θ̃tk − atkδ

2
k Ptkφtkφ

τ
tk θ̃tk − atkδkPtkφtk(�

τ
tk+1

θ + v̄tk+1)
]τ

· [
P−1

tk θ̃tk − atkδkP−1
tk+1

Ptkφtk(�
τ
tk+1

θ + v̄tk+1)
]
.

Note that P−1
tk+1

= P−1
tk + δ2

k φtkφ
τ
tk . By this equation and the

definition of atk in (6), we have P−1
tk+1

Ptk = I + δ2
k φtkφ

τ
tk Ptk and

1 − atk = atkδ
2
k φτ

tk Ptkφtk . From these two equations, we can
get the following equation,

Wtk+1 = Wtk − atkδ
2
k (φτ

tk θ̃tk)
2 − 2atkδkφ

τ
tk θ̃tk�

τ
tk+1

θ

− 2atkδkφ
τ
tk θ̃tk v̄tk+1 + atkδ

2
k φτ

tk Ptkφtk(�
τ
tk+1

θ)2

+ atkδ
2
k φτ

tk Ptkφtk v̄2
tk+1

+ 2atkδ
2
k φτ

tk Ptkφtk�
τ
tk+1

θ v̄tk+1 . (13)

By summing both sides of (13) from k = 0 to n, we have

Wtn+1 − W0 +
n∑

k=0

atkδ
2
k (φτ

tk θ̃tk)
2

= −2
n∑

k=0

atkδkφ
τ
tk θ̃tk v̄tk+1 − 2

n∑

k=0

atkδkφ
τ
tk θ̃tk�

τ
tk+1

θ

+
n∑

k=0

atkδ
2
k φτ

tk Ptkφtk(�
τ
tk+1

θ)2 +
n∑

k=0

atkδ
2
k φτ

tk Ptkφtk v̄2
tk+1

+ 2
n∑

k=0

atkδ
2
k φτ

tk Ptkφtk�
τ
tk+1

θ v̄tk+1 . (14)

For the first term on the right hand side (RHD) of (14), notic-
ing δkatkφ

τ
tk θ̃tk ∈ Ftk and Lemma 1, we can derive that for all

η > 0,

n∑

k=0

δkatkφ
τ
tk θ̃tk v̄tk+1 = O(1) + o

( n∑

k=0

δ2
k atk(φ

τ
tk θ̃tk)

2
)

. (15)

Applying the Hölder inequality, we see that the second term
on the RHD of (14) satisfies the following inequality,

2
n∑

k=0

atkδkφ
τ
tk θ̃tk�

τ
tk+1

θ ≤ {
n∑

k=0

(atkδkφ
τ
tk θ̃tk )

2} 1
2 · {

n∑

k=0

(2�τ
tk+1

θ)2} 1
2

≤ 1

2

n∑

k=0

atkδ
2
k (φτ

tk θ̃tk )
2 + 2

n∑

k=0

(�τ
tk+1

θ)2, (16)

where atk ≤ 1 is used in the last inequality. By (6), we have
δ2

k atkφ
τ
tk Ptkφtk ≤ 1. Thus, the third term on the RHD of (14)

satisfies
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk(�

τ
tk+1

θ)2 ≤
n∑

k=0

(�τ
tk+1

θ)2. (17)

Using the mean inequality and (17), we have for the last term
on the RHD of (14),

2
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk�

τ
tk+1

θ v̄tk+1

≤
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk(�

τ
tk+1

θ)2 +
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk v̄2

tk+1

≤
n∑

k=0

(�τ
tk+1

θ)2 +
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk v̄2

tk+1
. (18)
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Substituting (16)-(18) into (14) yields

Wtn+1 + (
1

2
+ o(1))

n∑

k=0

atkδ
2
k (φτ

tk θ̃tk)
2

= O(1) + 4
n∑

k=0

(�τ
tk+1

θ)2 +
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk v̄2

tk+1
. (19)

For the last term on the RHD of (19), it follows that
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk v̄2

tk+1

=
n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk{v̄2

tk+1
− E[v̄2

tk+1
|Ftk ]}

+
n∑

k=0

δ2
k atkφ

τ
tk PtkφtkE[v̄2

tk+1
|Ftk ]. (20)

Note that {v̄2
tk+1

− E[v̄2
tk+1

|Ftk ],Ftk} is a martin-
gale difference sequence, by the Cr-inequality
and the Lyapunov inequality, we see that for any
α ∈ (1, 2], supk E{[v̄2

tk+1
− E(v̄2

tk+1
|Ftk)]

α|Ftk} ≤
2 supk E[|v̄tk+1 |2α|Ftk ]+2 supk E[(E[|v̄tk+1 |2|Ftk ])α|Ftk ] ≤
4 supk E[|v̄tk+1 |2α|Ftk ] < ∞ holds almost surely. From
Lemma 1, we can derive that for any η > 0,

n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk{v̄2

tk+1
− E[v̄2

tk+1
|Ftk ]}

= O
(

Mn(α) log
1
α
+η(Mn(α) + e)

)
, a.s., (21)

where Mn(α) � {∑n
k=0(δ

2
k atkφ

τ
tk Ptkφtk)

α} 1
α . Thus, by

Lemma 1 again, we have for any η > 0,
n∑

k=0

atkδ
2
k φτ

tk Ptkφtk{v̄2
tk+1

− E[v̄2
tk+1

|Ftk ]}

= O
(

Mn(α) log
1
α
+η(Mn(α) + e)

)
, a.s., (22)

where Mn(α) � {∑n
k=0(δ

2
k atkφ

τ
tk Ptkφtk)

α} 1
α . In the following,

we need to analyze Mn(α). According to (4), we have

P−1
tk+1

= P−1
tk + δ2

k φtkφ
τ
tk = P−1

tk (I + δ2
k Ptkφtkφ

τ
tk). (23)

Taking the determinant from both sides of (23), we have

|P−1
tk+1

| = |P−1
tk |(1 + δ2

k φτ
tk Ptkφtk).

Thus, it follows that δ2
k φτ

tk Ptkφtk = |P−1
tk+1

|−|P−1
tk

|
|P−1

tk
| and

atkδ
2
k φτ

tk Ptkφtk = |P−1
tk+1

|−|P−1
tk

|
|P−1

tk+1
| . Then, it follows that

n∑

k=0

δ2
k atkφ

τ
tk Ptkφtk =

n∑

k=0

|P−1
tk+1

| − |P−1
tk |

|P−1
tk+1

|

≤
n∑

k=0

∫ |P−1
tk+1

|

|P−1
tk

|
dx

x
= log |P−1

tn+1
| + log |P−1

0 |. (24)

According to the inequality atkδ
2
k φτ

tk Ptkφtk < 1 and (24), we
can deduce the following equation

Mn(α) = O(1) + o(log |P−1
tn+1

|), (25)

where α > 1 is used. Thus, from (20), (24) and (25), it can
be deduced that

n∑

k=0

atkδ
2
k φτ

tk Ptkφtk v̄2
tk+1

= O(1) + o(log |P−1
tn+1

|)

+
n∑

k=0

δ2
k+1δ

2
k atkφ

τ
tk Ptkφtk = O(log |P−1

tn+1
|).

This completes the proof of the proposition.
To proceed with our analysis for strong consistency of the

proposed algorithm, we introduce some assumptions on the
sampling interval and regression vectors.

Assumption 1: The sampling interval δk is designed to
satisfy

∑n
k=0 δ2

k = ∞ and
∑n

k=0 δ4
k < ∞.

Assumption 2: The stochastic regression signal φt in
model (2) is Ft-measurable, where Ft = σ {φs, vs, s ≤ t} is
a family of nondecreasing σ -algebras. And φt is also Lipshitz
continuous for almost all sample paths, i.e., there exists a
positive constant L such that for all t > 0 and s > 0,
‖φt − φs‖ ≤ L|t − s| holds almost surely.

Assumption 3 (Non-Persistent Excitation Condition): The
growth rate of log(λmax{P−1

tn+1
}) is slower than λmin{P−1

tn+1
},

that is

lim
n→∞

log Rn

λn
min

= 0 a.s.,

holds, where Rn = 1+∑n
k=0 δ2

k ‖φtk‖2, and λn
min = λmin{P−1

0 +∑n
k=0 δ2

k φtkφ
τ
tk}.

Remark 1: Chen and Guo in [16] has proved the conver-
gence of the standard continuous-time LS algorithm of the
model (2) under the excitation condition

lim
t→∞

log
(

e + ∫ t
0 ‖φs‖2ds

)

λmin

{
P−1

0 + ∫ t
0 φsφτ

s ds
} = 0. (26)

We see that Assumption 3 can be degenerated to (26) as
δk → 0.

Based on the above proposition and assumptions, we can
obtain the following theorem on the upper bound of the
estimation error.

Theorem 1: Under Assumption 2, we have

‖θ̃tn+1‖2 = O

(
log Rn

λn
min

)
+ L2‖θ‖2

∑n
k=0 δ4

k

λn
min

a.s.

Proof: By Proposition 1, we have

θ̃ τ
tn+1

P−1
tn+1

θ̃tn+1 = 4
n∑

k=0

(�τ
tk+1

θ)2 + O(log |P−1
tn+1

|),

by which we can deduce the following equation,

‖θ̃tn+1‖2 = O
( log |P−1

tn+1
|

λn
min

)
+ 4

∑n
k=0(�

τ
tk+1

θ)2

λn
min

a.s., (27)

where λn
min is defined in Assumption 3. Using (9) and

Assumption 2, we obtain the following inequality

‖�tk+1‖ =
∥∥∥∥

∫ tk+1

tk
(φs − φtk)ds

∥∥∥∥

≤
∫ tk+1

tk
L(s − tk)ds = L

2
δ2

k . (28)
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Noticing (4), we have,

log |P−1
tn+1

| =
l∑

i=0

log λi(P
−1
tn+1

)

≤ l log λmax(P
−1
tn+1

) = O(log Rn), (29)

where l is the dimension of the vector φtk and Rn is defined
in Assumption 3. Substituting (28) and (29) into (27) yields

‖θ̃tn+1‖2 = O

(
log Rn

λn
min

)
+ L2‖θ‖2

∑n
k=0 δ4

k

λn
min

. (30)

This completes the proof of the theorem.
Remark 2: Under the condition of Theorem 1, if

Assumptions 3 and 1 are satisfied, we can derive that
‖θ̃tn+1‖2 → 0 almost surely as n → +∞, which implies that
the estimation θtn+1 converges to the true parameter vector θ

almost surely.

B. Analysis of the Regret

Denote �ytk = ytk+1 − ytk . At the sampling instant tk ≥ 0,
the best prediction to the change of yt between the time
instants tk and tk+1 is E[�ytk |Ftk ] = E[(

∫ tk+1
tk

φτ
s ds · θ)|Ftk ]

since E[(vtk+1 − vtk)|Ftk ] = 0. The difference between the
best prediction and the adaptive prediction can be regarded as
regret, denoted by Rtk , i.e.,

Rtk = {
E[�ytk |Ftk ] − �ŷtk

}2

=
{
E

[(∫ tk+1

tk
φτ

s ds · θ − δkφ
τ
tkθtk

)∣∣∣∣Ftk

]}2

, (31)

where φtk ∈ Ftk is used in the last inequality. We develop
the following theorem concerning the upper bound of the
accumulative regret.

Theorem 2: Under Assumption 2, the accumulative regret
has the following upper bound,

n∑

k=0

Rtk = 9L2

2
‖θ‖2

n∑

k=0

δ4
k + O(log Rn) a.s.,

provided that δ2
k φτ

tk Ptkφtk = O(1).
Proof: From (31) and Jensen inequality, we have

n∑

k=0

Rtk =
n∑

k=0

{
E

[( ∫ tk+1

tk
φτ

s ds · θ − δkφ
τ
tkθtk

)
|Ftk

]}2

≤
n∑

k=0

E

[( ∫ tk+1

tk
φτ

s ds · θ − δkφ
τ
tkθtk

)2∣∣∣∣Ftk

]
. (32)

Noticing (6), we can derive the following equation,

φtkφ
τ
tk = atkφtkφ

τ
tk + φtk(δ

2
k atkφ

τ
tk Ptkφtk)φ

τ
tk . (33)

Substituting (28) and (33) into (32), we can obtain the
following inequality,

n∑

k=0

Rtk ≤
n∑

k=0

E

[(
�τ

tk+1
θ + δkφ

τ
tk θ̃tk

)2∣∣∣∣Ftk

]

≤
n∑

k=0

E

[
2(�τ

tk+1
θ)2 + 2δ2

k θ̃ τ
tkφtkφ

τ
tk θ̃tk

∣∣∣∣Ftk

]

≤ L2

2
‖θ‖2

n∑

k=0

δ4
k + 2

n∑

k=0

atkδ
2
k (φτ

tk θ̃tk)
2

+2
n∑

k=0

δ2
k θ̃ τ

tkφtk(atkδ
2
k φτ

tk Ptkφtk)φ
τ
tk θ̃tk , (34)

where φtk ∈ Ftk is used. From Proposition 1, (28) and (29),
the following equation can be obtained,

n∑

k=0

atkδ
2
k θ̃ τ

tkφtkφ
τ
tk θ̃tk = 4

n∑

k=0

(�τ
tk+1

θ)2 + O(log |P−1
tn+1

|)

= L2‖θ‖2
n∑

k=0

δ4
k + O

(
log Rn

)
a.s. (35)

Noticing δ2
k φτ

tk Ptkφtk = O(1) and substituting this and (35)
into (34), we have

n∑

k=0

Rtk = 9L2

2
‖θ‖2

n∑

k=0

δ4
k + O(log Rn).

This completes the proof of the theorem.
Remark 3: We remark that under the condition of

Theorem 2, if Assumption 1 is further satisfied, we can obtain
that

∑n
k=0 Rtk = O(log Rn), which is the minimum order of

magnitude that one may at most expect to achieve for the
accumulative regret (cf. [25]).

IV. SIMULATION RESULTS

In this section, we provide a simulation example to verify
the effectiveness of the LS algorithm based on sampling data.

Consider the dynamic system (2). We set the 3-dimensional
regression vector φt as φt = [1 + sin( 2π

3 t), 2 + cos( 2π
3 t), 1 +

sin( 4π
3 t)]τ . It can be verified that Assumptions 2 and 3 hold.

The system noise {vt ≥ 0} is a standard, one-dimensional
Wiener process. The exact value and the initial value of param-
eter vector are given as θ = [3, 4, 5] and θ0 = [0, 0, 0].
The initial covariance matrix is P0 = diag(3, 3, 3). The
sampling interval δk is taken according to the following
manner

δk = a0

b

⌈
log

(b2
0−1)	 k

c0

+b2

0

b2
0

⌉
−1

0

,

where 	·
 is a round up operator. It is clear that for any given
a0 > 0, b0 > 0, c0 > 1,

∑n
k=0 δ2

k = ∞ and
∑n

k=0 δ4
k =

O(
∑n

k=0
1

b4k
0

b2k
0 ) < ∞ hold. Thus, the time interval δk satisfies

Assumption 1. Here we choose a0 = 0.12, b0 = 1.2, c0 =
200. We compare our algorithm with cases where the sampling
intervals are constants and taken as δk = 0.4, δk = 0.6, δk =
0.8 and δk = 1, respectively.

The mean square errors (MSEs) (averaged over 100 runs)
of these two scenarios are shown in Figure 1, from which we
see that the MSE of the algorithm with fixed constant sam-
pling interval increases as δk increases, while the MSE of the
proposed algorithm based on flexible sampling interval gradu-
ally converges to 0 as the iteration step k tends to infinity. The
average accumulative regret 1

n

∑n
k=0 Rtk (averaged over 100

runs) of the above two scenarios (flexible and fixed constant
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Fig. 1. MSEs of the algorithm under flexible sampling interval and
constant sampling intervals.

Fig. 2. Average accumulative regret of the algorithm under flexible
sampling interval and constant sampling intervals.

sampling intervals) can be seen from Figure 2. We can find
that the average accumulative regret with flexible sampling
intervals performs better than cases of fixed constant sampling
intervals.

V. CONCLUSION

For a continuous-time stochastic regression model, we
proposed the LS algorithm based on the sampling data to
identify the unknown parameter vector. By properly choosing
the sampling time interval and introducing the non-persistent
excitation condition, we established the almost sure conver-
gence results of the proposed algorithm. We also provided the
accumulative regret analysis without any excitation condition.
Some interesting problems deserve to be further investi-
gated, e.g., the design of the distributed algorithm to estimate
the unknown parameter using local measurement, the adap-
tive control by using the estimation algorithm based on the
sampling data.
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